In this paper we treat the 2-level system interacting with outer fields without the rotating wave approximation and construct some approximate solutions in the strong coupling regime.
regime). This method is also applicable in the case, so we construct some approximate solutions which are completely different from those of Shahriar et al. We believe that our solutions are more general.
Let {σ 1 , σ 2 , σ 3 } be Pauli matrices : 
and σ + = (1/2)(σ 1 + iσ 1 ), σ − = (1/2)(σ 1 − iσ 1 ).
We consider an atom with two energy levels which interacts with outer field with gcos(ωt). The Hamiltonian in the dipole approximation is given by
where ω is the frequency of the outer field, ∆ the energy difference between two levels of the atom, g the coupling constant between the outer field and the atom. In the following we cannot assume the rotating wave approximation (which neglects the fast oscillating terms), namely the Hamiltonian given by
Mysteriously enough we cannot solve this simple model completely (maybe non-integrable), nevertheless we have found this model has a very rich structure.
We would like to solve the Schrödinger equation with the Hamiltonian (2) in the strong coupling regime g ≫ ∆. Therefore we change in (2) a role of the kinetic term and the interaction term like
First we solve the interaction term which is an easy task. Before that let us make some preliminaries.
Let W be a Walsh-Hadamard matrix
then we can diagonalize σ 1 by using this W as
We note that σ 3 |1 = |−1 , σ 3 |−1 = |1 and
where |0) = (1, 0) t and |1) = (0, 1) t .
Then it is easy to see
so the Schrödinger equation i
where ψ 0 is a constant vector. Since we want to solve the full Schrödinger equation
we appeal to the method of constant variation. Namely under ψ 0 −→ ψ 0 (t) in (6) we substitute (6) into (7), then we obtain
so we have only to solve the equation
where |0)(1| = σ + and |1)(0| = σ − .
Here we note that the solution ψ in (7) is given as follows
with φ in (8).
To solve the equation (8) we must assume an ansatz :
and (A) we neglect higher order terms containing e ni g ω sin(ωt) for |n| > 2, (B) we neglect higher order terms containing O(∆ n ) for n > 1.
Namely, we consider only the lowest order with respect to ∆. This assumption is natural and an usual one. By substituting (10) into (8) and under the assumption (A) we obtain the equations
It is not difficult to solve these equations. Namely
and a 1 and b −1 satisfy the integral equations
where α, β, γ, δ are integral constants. Under the assumption (B) we have From here we consider the physical condition. ψ in (9), therefore φ must be normalized
, so we can set γ = δ = 0, and |α| 2 + |β| 2 = 1.
Therefore we obtain
From (9) the approximate solutions that we are looking for are
where |α| 2 + |β| 2 = 1.
Finally we make a comment : If we write ψ above as
then we have
under (B) if α = β = e iθ / √ 2.
Our solutions (18) may be known, however we could not find such a reference in spite of our efforts. Anyway our solutions (method) will become a starting point to find more complicated approximate solutions.
We would like to compare our solutions with some experiments of the 2-level system in the strong coupling regime, however this is beyond our scope in this paper.
